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Abstract:

This paper introduced the notation of fractional Hartley transform on Howell’s space as Howell
himself had extended Fourier transform in the series of paper the main goal are the introduction of the
basic space of test function. Some fundamental results arediscussed in the context of fractional Hartley
transform.
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1. Introduction:
A new theory of Fourier analysis presented in a short series of papers [1-3] supporting the Fourier
transform of the function on R". This theory is similar to the theory for tempered distribution and to some
extent, can be viewed as an extension of the Fourier theory except that there will be no need to restrict
attention to function of polynomial growth. Any locally integrable function of exponential growth on R"
will be Fourier transformable, so can be therefore fractional Fourier transformable. Motivated by thiswe
are extending this theory to support fractional Hartley transform[6].

In this paper we have introduced the notation of fractional Hartley transform on Howell’s space as
a Howell himself had extended Fourier transform in the series of paper [1-3].The main goals are the
introduction of the basic space of test function in section 2. Some fundamental results are discussed in the
context of fractional Hartley transform in section 3.

2 The Testing Function Spaces G and G° :
Purpose of this section is to provide framework for defining fractional Hartley transform on

Howell’s space. Two spaces of functions, G and G conceived by Howell will be of special importance.
A function ¢:C" — C is an element of G if and only if both the following hold.
1] ¢@is an analytical function of each complex variable

2] Forevery v>0
Sup{ev”(z) ¢(z)| izepf, }< 0,

= p()= 3 | Relz, ]

and 3, will denote the subset of C".

A function f : C" — Cis an element of G if and only if both the following hold.
1] f is an analytical function of each complex variable.

2] Forany v > 0 there is a corresponding 7 > 0 such that
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Sup{e’v"(z) f(z)| izepf, }< 0

G with the suitable topology will serve as the space of test functions. This is ascertained by restraining the

parameter ¢ involved in the kernel of fractional Hartley transform to (0,1 ]

The following facts will be obvious from the above definition

11 G, G are both linear spaces closed under multiplication

2] G G€

3] G contains all the functions of the form ¢=©,7,, v>0 and S€C" ’where ©, will denote the
translation of f

411f g G and &, ¢ € C" then p,, O, ¢ and therefore K, (t,5)0, ¢ for o< <1 arealsoin G

and its restriction to /R" is in L (IR"), where p will denote the seminorm onC" .

Itis clear that K _(¢,s)e G, o<a<1, v>0.
eﬂv}<oo.

1

v Q2rsin @) N

For Sup{ e

Ka(t,s)| .5 e ﬂv }:Sup{evp(s)

It thus follows the assertion made at (4).
5] G° contains all polynomial functions on C" .

6] Any exponential functions p, with & e C" is an element of G .

v:v>0}

The topology on G is defined by the set of norms {H

where || ¢||v :Sup{e”’(” ¢(s)| :sep, }

Any function ¢ which is analytical in each variable, is clearly in G if and only if ” @ "v is finite for every

v>0.
It is also obvious that if v > x then || P, < || ¢||ﬂ
2
. l—icotg ieots , . .
Further the function g(s) = @(s) Y e involved in the present analysis is clearly in G for
T

peG,v>0ando<a<l

Sup{ e’

1—icot iico
4(5)| ’2—‘:%2 ”’:seﬂv}

g(s)| 1sepP, }: Sup{e”’(‘“)

[1-icotg ei‘;cowﬁ
2

¢(S)|ZSE,BV}<OO.

¢(s)| 1sep,

= Sup{ e”

l—icotg %COW
=, |——e Supie”
2 p{
2.1 Howell’s Space:

The Kenneth B. Howell in 1991, developed a theory entitled “A new theory of Fourier analysis”,
presented in an elegant series of papers [1]-[3] supporting the Fourier transformation of the functions on
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IR". His work is the development of a theory, generalizing the well known theory of tempered
distributions, which naturally supports fractionalization of all exponentially bounded functions.

There will be no need to restrict attention to function of polynomial growth as is generally the
case with former. Any locally integrable function of exponential growth is Fourier transformable. So can
be therefore fractional Fourier transformable. Motivated by this we are extending this theory to support
fractional Hartley transform.

The notation and the terminologies in this work follow those of [1]-[3]. We list some notation
from Howell [1], which will be used prominently in the paper.

The translation and scaling operators © . A =f(z=¢).
z

Let f:C" —>C. For each £eC", O, will denote the translation of f and &, given by

0. L-rz-9-0..
Foreach veC, Zv%=f(vz)=zvf.

The “Rho’’ seminorm: The symbol p will denote the seminorm on C" given by p(z) = Z | Re[zk]|
k=1

The Exponential function: Let w=C", where convenient e, will denote the function given by

e, (z)=e"

The Normal Gaussian: Let v > 0 where convenient, 77, will denote the

(Y el 02
m(z)—(mJ exp{ > }

3 Some Lemmas:
3.1 Lemma:(Scaling and the fractional Hartley transform on G)

Let £ be any non zero real number and let ¢ be any elements in G .

—v cot¢(1— —(—71)1 cotg

Then HY, {gf=e’ 7 B3 LHU ST 40| ().

{In particular, this lemma implies that H“ and z _, commutes on G }

Proof: Let f be any non zero real number and let ¢eG, we have

HY lo0])= Izﬂ HOK, (t.5) dA,

— /I_Z—COt 2 cwjz ¢(t)e [cos(csc¢st)—ze sm(csc¢st)]dA

w3 [00] = ¢(18) using[1]
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l1—icot¢ &

= 2— ’L I P(tf3) e’ [COS(CSC¢ st)—ie' sm(csc¢st)] dA, .
7T

Put tB=T. .t=p" 1T dA, = BldA,

_ l—lQ:[Ot = 00t¢ J'¢(T)e [_] COW{COS(CS@S(%J)_ieM Sin(CSC¢.S(%J):|ﬂIdAT

L2

i iT
T cot ¢ TZCOI¢+EFCOI¢

i
l_lCOt¢ ot¢ 7Eﬁ—cot¢+ s?cot ¢ 1 >

=, [— e J.¢(T) e

2
{cos(csc¢ (IBJT) —ie' sin(csc ¢ (IBJ )}

et zismg e * fone” s e

{cos(csc¢. (%JT) —ie" sin(csc ¢{%JT)} dA,

i is? 1 )
1 L2 cot? p 5 cotg —[—Zfl]T cotg s
——e2 e’ HY eV #(T) 3

s el A L

. ész cot? ¢[ 1%] é[#fl]tz cot¢g
=f"e p H% e o(t) (s)

3.2 Lemma: (Translation and the fractional Hartley transform on G ):
Let ¢ € G then forany & and £ in C" then

00t¢ is¢

H{,,0,4(t) | = cos(cscgs)e 2 H{$(0)e, engn s J(5)—sin(csc gs$)

ig—zcot +i,
2 {l' cot gH * {¢(T )€i(¢cotgre) }(S)—Sin ¢H “ {¢(_T )€i(¢ cotpee) }(S)}'

Proof: Let ¢ € G then for any & and ¢ in C”

e
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H“{ei§®§¢(t) }

l_lzﬂe,_cm ,[ g cor¢[Cos(CSC¢Sl‘)—le Sm(CSC¢St)] Y- &) dn,
T

put t—-¢ =T, t=T+¢, dA, =dA,

—00

= [cos(csc¢ S(T +¢))—ie? sin(cscd.s(T + £)) ]

2

. LS

1—1i COt¢ el7cm¢ J~ —(T+§)2 cotg
2

—00

PSS ¢(T) dAT

2
l—icotg i—cots
_ |Lzicotg 7

—(T +2T¢+¢? ) cotg b s
5 I [cos(csc @.sT +cscg.s¢) —ie'” sin(csc @.sT
T

—00

+csed,sC)]e T §(T) dA,

1- icot¢ iicotqﬁ ig—2 cotg iT—zcothﬁ TC cotd iE(T+
=\ ¢ 2 e 2 je 2 iMoot i+ [ cos(cse g.s¢ ) (cos(cse g.sT)
r

—00

—ie" sin(csc @ sT))— sin(csc @.s¢) (sin(csc ¢.sT)+ie" cos(csc ¢.ST)) ]¢(T) dA,

l—icotg ’_COW’ i cotg 2 e iT¢ cotg iE(T+)
= 2—e e? cos(csc¢.s§)je 2 e e (cos(csc¢.sT)
V4
L 1—icot cotg < cotg cot¢
—ie'’ sin(csc ¢.ST))¢(T) dA, — —¢el ¢z sin(csc ¢. s()j

e'feeoy if(T*“(sin(csc ¢.sT)+ie' cos(csc ¢.ST))¢(T) dA,

4 cotg [1—icote "S—ZC"W‘OO "T_2°°‘¢ iT(Ccotg+&) il
= cos(csc @.s¢ )e 2 2—@ 2 Ie 2 e e (cos(csc¢.sT )
V4

—00

1 cot¢ 1- icot¢ iicowﬁ 2 iT—zcot¢
—ie'" sin(csc ¢. sT))¢(T) dA, —sin(csc @.s¢)e ? 2—6 2 Ie 2
T

—00

e'T(ecodrd) piee (sin(csc ¢.sT) +ie” cos(csc p.sT ))¢(T YdA ,
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2 2
cot¢

<
= cos(cscpsO)e 2 YT {¢(T)e’T(§°°t“”§) }(s) —sin(csc @.s&) ¢ 2 et

{icotg. H* {g(T)e” %) J(5) =sin gH “ {g(-T)e" 2 Ji5)}
4—2 cotp+i&S

— cos(cschss)e 2 H§(0)es s anger) J(5) = sin(esc g.sC)

2
14— cotp+iéd {

icotgH “ {¢(T)el(;cot¢+§) }(S) sin ¢H “ {¢( T)e,(;cot¢+§) }(S)}

3.3 Lemma: (The Normal Gaussian)
Letv > 0 where convenient, 77 will denote the function given by

(v Y 02
m(z)—[mj exp{ 5 }

n 57 csc? @
N IV l1-icotg [ N atgei? ]
th H =— .
cn (1) {nv} 2 [ /_272_ J (C0t¢ +lV ) e

e

Proof:

H*{n, }= % ei7°°t¢ j l_wt [cos(csc¢ st) —ie" sin(csc @.st) ]nv (¢) dA,

IR"

" {nv }: Cos .[ e%cw [COS(CSC¢-51‘) —~ie" Sin(csc¢.sl‘)] (%Jn CX{_ (Zt)z ﬂ dA,
IR" I T

CW.[ ( oS j [cos(csc¢st)—ze sm(csc¢st)]exp c t¢—@jdAl

2

7Y [ ] cotgp———
=C | — cos(csc@.st) —ie” sin(csc d.st) lexp| it?| ———— | | dA
w’(@jj (cscp.si) (csc ust) fexp 5 ,

IR"

v? .
putcotp—— =u’ or cotg+iV’ =u’
i

~Cus [%J j [cos(escgst) — ie sin(esc guso) | exp(it;uzj dA,

IR"

V J” i o iu’t? ‘
=|l—|C e 2 cos(cscd.st)dA, —ie” |e 2 sin(csce.st)dA

KN t t
R !

.22

4 j B of VY L
=|—1|C,., | e? cos(cscost)dA —ie’“’( j C,, |e 2 sin(cscdust)dA
5,0 t s,0 t
[\/ 2r ,R‘[, N2 ,R‘[,
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n icsc? 522
V 1 |27 2
(&) oy 0

- 1
e cos(bx)dx =— Z ta
2\ a

Using

oS3
|

and [ """ sin(bx)dx = 0
0

n T icse? g.s?
22
Cy 1/ "
vz s’ _osc g
—1i COt z—cot¢ 2 cotp+iV?
V 2(cot¢ +il? )

z—cot¢ + i M
\/ _1C0t¢ e 2 2 cotg+il?

i i

2 2z 2(cot¢+1V )
_ l V ! 1 —icot ¢ e [COt a coct:ﬁch::/z]
2\ 27 (cotg+iV?) '

3.4 Lemma: If f,g € G then for restrictions to /R" of the product gH “ {f(t)} and fH“ {g(l‘)} are in
L(IR") and

[gH{fO}dA = [ FH {g)}dA

IR" IR"

2
1—icotp #cots
——— e

Proof:Let f,g € G, let us denotes =C,y

27

H{f0)}=gC,, | e%cw[cos(csc¢.st) — e sin(csc f.st) | £ (6) dA,

IR"

and f H*{g()}= /' C, , | T [ cos(eseg.st) — i sin(ese gust) |g(6) dA, .

Obviously, the restrictions to /R" of the product gH “ { f }and fH” {g} are in L(/R") by Lemma 5.5
[2]. Also we have

J.H" {f®}g@)dA, = J. C,, J.ei%cw[cos(csw.st) —ie" sin(csc @.st) ]

f@)dA, gt)dA,

= J.f(t) C,, J.ei?w[cos(csc¢.st)—ie’¢ sin(csc @.st) ]g(t)dAl dA
IR" IR"
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[ Flglydh=[¢Flyldn

= [ royH*{g() }dA, or
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